Unifying framework for scalar-tensor theories of gravity by Gao, Xian
ar
X
iv
:1
40
6.
08
22
v3
  [
gr
-q
c] 
 8 
Oc
t 2
01
4
Unifying framework for scalar-tensor theories of gravity
Xian Gao1, ∗
1Department of Physics, Tokyo Institute of Technology,
2-12-1 Ookayama, Meguro, Tokyo 152-8551, Japan
(Dated: June 4, 2014)
A general framework for effective theories propagating two tensor and one scalar degrees of freedom is
investigated. Geometrically, it describes dynamical foliation of spacelike hypersurfaces coupled to a general
background, in which the scalar mode encodes the fluctuation of the hypersurfaces. Within this framework,
various models in the literature—including k-essence, Horndeski theory, the effective field theory of inflation,
ghost condensate as well as the Horˇava gravity—get unified. Our framework generalizes the Horndeski theory
in the sense that, it propagates the correct number of degrees of freedom, although the equations of motion are
generally higher order. We also identify new operators beyond the Horndeski theory, which yield second order
equations of motion for linear perturbations around an a Friedmann-Robertson-Walker background.
I. INTRODUCTION
Models of inflation and dark energy are mainly based on de-
grees of freedom beyond general relativity (GR). These addi-
tional degrees of freedom are most straightforwardly realized
by scalar fields. Over the years, k-essence [1] was studied as
the most general local theory for scalar fields, which involves
at most first derivatives of the fields in the Lagrangian. Un-
til recently, this understanding was promoted to higher order
in derivatives, by rediscovering the Horndeski theory [2]—
the most general covariant scalar-tensor theory involving up
to second derivatives in the Lagrangian, while still leading
to second order equations of motion for both scalar field and
the metric—as the “generalized Galileon” [3], which general-
izes the flat-space “Galileon” [4] as well as its covariantization
[5, 6] and includes the Dvali-Gabadadze-Porrati (DGP) model
[7] as a special case. The “second-order” nature of Horndeski
theory prevents it from extra ghostlike degrees of freedom and
instabilities.
On the other hand, new degrees of freedom may arise when
symmetries are reduced. Therefore, an alternative approach
to these additional degrees of freedom beyond GR is to con-
struct theories which do not respect the full diffeomorphism of
GR. A well-studied example in this approach is the effective
field theory (EFT) of inflation [8, 9] (which showed its first
appearance in ghost condensate [10]), which describes the
fluctuations around a time evolution background. Another ex-
ample, although initially motivated by a different purpose, is
(more precisely, the nonprojectable version of) Horˇava grav-
ity [11], where a preferred foliation structure of spacetime
is introduced. In both cases, the full spacetime symmetry is
spontaneously broken to the reduced time-dependent spatial
diffeomorphism on the hypersurfaces.
Now there are two different but equivalent formulations of
theories. One is in terms of scalar field(s) (“φ-language”),
the other is in terms of extrinsic and intrinsic geometric quan-
tities associated with the hypersurfaces, which we refer to as
“brane-language” for short. The classification of various mod-
els is thus illustrated below:
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“φ-language” ⇐⇒ “brane-language”
k-essence EFT of inflation
DGP Horˇava (non-proj.)
Horndeski ghost condensate
We use “brane-language” simply to emphasize that it does not
necessarily imply the unitary gauge, since one can always for-
mulate the theory covariantly, as we do in this work.
Formulations in two languages can be “translated” into
each other. For example, while appearing to be nonrelativis-
tic as being written in the unitary gauge, both the EFT of
inflation and Horˇava gravity can be viewed as the “gauge-
fixed” version of some covariant theories, where full diffeo-
morphism can be restored using the Stückelberg trick. For
the EFT of inflation, this has been performed in [9] by intro-
ducing the Goldstone field pi. Similarly, in [12, 13] (see also
[14]) the Horˇava gravity was reformulated in a fully covariant
manner, as describing spacelike hypersurfaces specified by a
scalar field φ coupled to a general background. Conversely,
the Horndeski theory can also be recast in terms of extrinsic
and intrinsic curvatures in the “brane-language” [15].
The “brane-language” has special advantages since in
which the dynamical degrees of freedom are made transpar-
ent. In the study of EFT of inflation, much attention was paid
to polynomials of (perturbations of) lapse function δg00 ≡
2δN/N3 and the extrinsic curvature δKij with time-dependent
parameters. For the Horˇava gravity, besides the linear combi-
nationKijKij−λK2, attention was mainly focused on higher
order polynomials built of spatial curvature and its derivatives
such as (3)R2, (3)Rij(3)Rij , etc., with constant parameters.
In the healthy extension of Horˇava gravity [14], terms such as
(∂iN)
2 were also introduced. On the other hand, couplings
between the extrinsic and intrinsic curvatures [such as K(3)R
and Kij(3)Rij] and terms cubic in the extrinsic curvature nat-
urally arise when writing the Horndeski theory in the brane-
language [15]. Very recently in [16], more general operators
were introduced, where parameters are generalized as func-
tions of (t, N). In this work, we take one step further and
investigate a generic framework in the brane-language, within
which various existing models can be unified.
2II. FRAMEWORK
The key ingredient in our construction is the foliation of
codimension-one spacelike hypersurfaces, which is encoded
into a scalar field φ with a timelike gradient. The normal vec-
tor to the foliation is na = −N∇aφ, with lapse N as the
normalization coefficient. The components of ∇bna paral-
lel and perpendicular to the hypersurface correspond to the
extrinsic curvature Kab = hca∇cnb ≡ Dbna and the ac-
celeration aa = nb∇bna ≡ Da lnN respectively, where
hab = gab+ nanb is the induced metric on the hypersurfaces,
Da is the intrinsic covariant derivative compatible with hab.
For the sake of simplicity, in the following R and Rab de-
note the intrinsic Ricci scalar and tensor on the hypersurfaces,
while curvature terms of the spacetime are denoted as (4)R
and (4)Rab etc.
We restrict ourselves to the case where intrinsic derivatives
only act on intrinsic curvature terms. That is, we omit terms
such as DcKab, Daab, etc., although which may generally be
allowed and interesting. We consider a class of Lagrangians
of the following form
L =
∑
n=1
Kn + V , (1)
with
Kn = Ga1b1,··· ,anbn(n) Ka1b1 · · ·Kanbn , (2)
where G(n)’s and V are general functions of
(φ,N, hab, Rab, aa, Da) . (3)
When writing (2), the symmetries of indices (aibi) of G(n)’s
are understood. We do not include Rabcd, which is not an
independent quantity since the spatial hypersurfaces are 3-
dimensional. Following the same strategy of [11], it is conve-
nient to viewKn as the “kinetic” terms, since Kab ≡ 12£nhab
while the Lie derivative £n with respect to na plays the role
of a “time derivative,” and V as the “potential” terms.
Comments are in order. First, we do not include the shift
vector Na, which itself is not a genuine geometric quantity of
the foliation. Instead, it merely characterizes the gauge free-
dom of choosing a time direction through ta = Nna+Na. In
fact, blindly including terms such as NaNa would inevitably
introduce unwanted degrees of freedom. Second, coefficients
of the kinetic terms G(n)’s and potential terms V have func-
tional dependence on N , even nonlinearly. As we shall see,
this will crucially ensure the health of our construction. In-
deed, this is the idea of introducing nonlinear terms of aa in
the healthy extension of Horˇava gravity [14]. Moreover, our
construction is closely related to the Einstein-aether theory
[17], which is an effective theory describing a timelike unit
vector field coupled to gravity. The main difference is that, in
our formalism, the unit vector na is hypersurface orthogonal.
In the following we propose a “cubic construction” as an
explicit example of our general setup (1)-(2), by imposing two
further restrictions: (i) there are no higher order derivatives in
the Lagrangian when going into “φ-language,” i.e., we omit
terms such as ∆R, (DcRab)2 etc and (ii) the number of sec-
ond order derivative operators does not exceed three. This al-
lows us to exhaust all the possible operators: for the “kinetic
terms”
K1 =
(
a0 + a1R+ a3R
2 + a4RabR
ab + a5aaa
a
)
K
+
[
(a2 + a6R)R
ab + a7R
a
cR
bc + a8a
aab
]
Kab, (4)
K2 = (b1 + b3R)K2 + (b2 + b4R)KabKab
+(b5KKab + b6KacK
c
b )R
ab, (5)
K3 = c1K3 + c2KKabKab + c3KabKbcKca, (6)
and for the “potential terms”
V = d0 + d1R + d2R2 + d3RabRab + d4aaaa
+d5R
3 + d6RRabR
ab + d7R
a
bR
b
cR
c
a
+d8Raaa
a + d9Raba
aab, (7)
where an, bn, cn, dn are general functions of (φ,N). As we
shall see, this “cubic construction” has virtually included all
previous models, while still possessing new interesting exten-
sions. The “6-parameter” Lagrangian in [16] corresponds to
a0 = A3, −2a1 = a2 = B5, b1 = −b2 = A4,
c1 = −1
3
c2 =
1
2
c3 = A5, d0 = A2, d1 = B4,
with all other coefficients vanishing.
III. HAMILTONIAN ANALYSIS
We wish to show our theory (1)-(2) is healthy in the sense
that it does not propagate unwanted degree(s) of freedom
other than the two tensor and one scalar modes. Count-
ing number of degrees of freedom can be well performed in
the Hamiltonian analysis. To this end, we choose the uni-
tary gauge with t = φ, which corresponds to the coordi-
nates adapted to the foliation structure, i.e., the well-known
Arnowitt-Deser-Misner coordinates, where the conjugate mo-
menta of the spatial metric hij are given by
2√
h
piij = Gij(1)+
∑
n=1
(n+ 1)Gij,k1l1,··· ,knln(n+1) Kk1l1 · · ·Kknln .
(8)
Generally (8) is a nonlinear algebraic equation for Kij ≡
1
2N
(
∂thij − 2∇(iNj)
)
. In case Kij cannot be fully solved
in terms of piij , additional primary constraints are present,
which further reduce the phase space and may cause patho-
logical problems. In our construction,K2 acts as a “quadratic
kinetic term,” which we require to be not degenerate, i.e.,
we assume Gij,kl(2) possesses an inverse G−1(2)ij,kl satisfying
Gij,k′l′(2) G−1(2)k′l′,kl = δi(kδjl). In this case, one may in princi-
ple solve Kij in terms of (e.g., a series of) piij , which can
be well performed locally in some nonsingular branch of Kij .
Fortunately, the explicit solution is not needed for our pur-
pose. By definition and simple manipulations, the Hamilto-
nian takes the general form
H ≃ NC +NiCi, (9)
3where Ci = −2
√
h∇j
(
h−1/2piij
)
are exactly the same three
momentum constraints generated by Ni as in GR, and
C = 2piijKij −
√
hL. (10)
In (9) and (10), Kij should be thought of as a function of piij :
Kij = Kij
(
pikl, t, N, hkl, Rkl, ak
)
, (11)
which has nothing to do with the shift Ni.
Now comes the crucial point. If all G(n)’s, V and thus the
solution (11) have no functional dependence on the lapse N ,
so does C defined in (10). In this case N enters the Hamil-
tonian linearly and acts as a Lagrange multiplier. This is ex-
actly the case of GR, where N generates a first class con-
straint C = 0. A subtle example, however, is the original
version of Horˇava gravity [11], where although N still acts
as a Lagrange multiplier, the corresponding constraint is not
first class any more and the dimension of the phase space is
shown to be odd [18]. This pathological behavior was cured
in [14] by adding invariants of acceleration such as (aiai)n in
the potential terms. Since ai = ∂i lnN , this is essentially to
add nonlinear functional dependence on N in the Hamiltonian
(since ∂C/∂N 6= 0), which preventsN from being a Lagrange
multiplier. This is also the case for our general construction
(1)-(2). As long as G(n)’s and/or V depend on N , C defined
in (10) acquires functional dependence on N , and thus a new
pair of degrees of freedom arises in the phase space, which
corresponds to the scalar mode.
IV. DICTIONARY
As we have stated before, theories in the φ-language and
the brane-language can be explicitly translated into each other.
For example, the extrinsic curvature and the acceleration are
written in the φ-language as
Kab =
1
(2X)
5/2
[
− 4X2∇a∇bφ
+∇aφ∇bφ∇cφ∇cX + 4X∇(aφ∇b)X
]
, (12)
aa = − 1
4X2
(∇aφ∇bφ∇bX + 2X∇aX) , (13)
respectively, where X = −(∇φ)2/2. We also have N =
1/
√
2X and hab = gab + 12X∇aφ∇bφ. Using these rela-
tions (as well as the Gauss-Codazzi-Ricci equations), the φ-
Lagrangian corresponding to (1)-(2) can be easily derived,
from which various terms beyond the Horndeski theory while
still having healthy behaviors can be read [19].
For derivatives of the scalar field, we have∇aφ = −na/N ,
∇a∇bφ = 1
N
(−nanbρ+ 2n(aab) −Kab) , (14)
where ρ ≡ £n lnN , and
∇a∇b∇cφ
=
1
N
[
nanbnc
(−ρ2 +£nρ− 2adad)
−2nan(b
(
£nac) − 2ac)ρ− 2Kdc)ad
)
+na
(− 2abac − ρKbc +£nKbc − 2KbdKdc )
− (£naa − 2aaρ− 2Kdaad)nbnc
+2
(−aaa(b +Daa(b − ρKa(b −KdaKd(b)nc)
+aaKbc + 2Ka(bac) −DaKbc
]
, (15)
while in this work we omit the decomposition of
∇a∇b∇c∇dφ due to its length (see however [19]). By em-
ploying these relations, any φ-Lagrangian can be written in
the brane-language, as being performed to the Horndeski the-
ory in [15]. We emphasize that the covariant nature of our for-
malism enables us to write down terms in the brane-language
in a covariant form.
V. LINEAR PERTURBATIONS
When expanding around a spatially-flat Friedmann-
Robertson-Walker (FRW) background, the perturbation the-
ory becomes dramatically simple in our formalism, due to its
“spacetime-splitting” nature. Note Rab and aa start from lin-
ear order in perturbations, thus when considering linear per-
turbations, only a limited number of operators in (4)-(7) con-
tribute.
There are two choices of coordinates, i.e., gauges. One is
popularly used in the study of EFT of inflation, where the
scalar mode is pushed to the Goldstone field pi through the
Stückelberg trick 1N2 → gµν∂µ (t+ pi) ∂ν (t+ pi). This is
essentially to work in the φ-Language and perturb directly
the φ field. The other one is the unitary gauge, which we
will employ below. The perturbations of N and Kij are
parametrized by N = eα and Kij = 12N
(
h˙ij − 2∇(iNj)
)
with hij = a2e2ζ (eγ)ij , where a is the scale factor, (eγ)ij ≡
δij + γij +
1
2γikγkj + · · · with γij the transverse and trace-
less tensor perturbation satisfying ∂iγij = γii = 0 (repeated
lower spatial indices are summed by δij ). Moreover, all the
coefficients in (4)-(7) are now functions of t and N , e.g.,
a0 = a0(t, N), etc.
We investigate a “minimal” version of (4)-(7), with
a0, a1, a2, b1, b2, c1, c2, c3, d0, d1, (16)
as arbitrary functions of t and N , while all other coefficients
are vanishing. This 10-parameter “minimal” version has al-
ready included the Horndeski theory [2, 3] and the extension
in [16] as special cases. The background equation of motion
is given by E¯ = 0 with
E¯ = d0+d′0+3a′0H−3(λ1−λ′1)H2−3(2λ2−λ′2)H3, (17)
with λ1 ≡ 3b1 + b2 and λ2 ≡ 9c1 + 3c2 + c3, where H is the
Hubble parameter, a prime “′” denotes derivative with respect
to N , e.g., a′0 ≡ ∂a0(t,N)∂N
∣∣∣
N=1
, etc.
4The quadratic Lagrangian for the tensor perturbations reads
(in momentum space)
LT2 =
a3
4
(
GTγ˙2ij +WT
k2
a2
γ2ij
)
, (18)
where
GT = b2 + 3 (c2 + c3)H, (19)
−WT = d1 + 3
2
(2a1 + a2)H +
1
2
da2
dt
, (20)
with H the Hubble parameter. It is interesting that only 6 op-
erators proportional to a1, a2, b2, c2, c3 and d1 contribute
to the linear tensor perturbations. Remarkably, with arbi-
trary combination of these 6 operators, which is definitely be-
yond the Horndeski theory and also the Lagrangian in [16],
the equation of motion for the linear tensor perturbations
stays at the second order, with propagating speed given by
c2T = WT /GT . We require GT > 0 to avoid the ghost insta-
bility, while WT may be negative during some time interval
and cross zeros at some points, as long as the instabilities do
not become too large and invalidate the perturbation theory.
The quadratic Lagrangian for the scalar perturbation ζ is
LS2 = a3
[
GSζ˙2 +
(
W(0)S +W(1)S
k2
a2
)
k2
a2
ζ2
]
, (21)
with
GS = 1
3Ξ
[
6Γ21Γ3 − (2Γ1 − 3C2) E¯2,H
]
+ 3Γ1, (22)
W(0)S = 2Γ2 +
1
a
d
dt
{ a
9Ξ
[
12 (Γ1 − 3C2) E¯,H (d1 + Γ′2)
+3C1
(E¯2,H − 6Γ1Γ3) ]− 2aΓ2,H
}
, (23)
W(1)S =
2
3Ξ
[
C1
(
3Γ3C1 − 4E¯,H (d1 + Γ′2)
)
+24C2 (d1 + Γ
′
2)
2 ]
, (24)
where Ξ ≡ 19 E¯2,H − 2Γ3C2, Γ1 ≡ λ1 + 3λ2H , Γ2 =
d1 + (3a1 + a2)H , Γ3 ≡ d0 + 3d′0 + d′′0 + 3 (a′0 + a′′0)H +
3 (λ1 − λ′1 + λ′′1 )H2 + 3 (4λ2 − 3λ′2 + λ′′2 )H3, E¯,H ≡
∂E¯/∂H , Γ2,H ≡ ∂Γ2/∂H and
C1 ≡ 2a1+a2, C2 = b1+b2+(9c1 + 5c2 + 3c3)H. (25)
We emphasize that, in deriving (21) coefficients in (16) are as-
sumed to depend on N generally. Instead, as in the (nonpro-
jectable) Horˇava gravity, ζ loses its quadratic kinetic term and
becomes nondynamical at linear order around a FRW back-
ground. However, time derivatives of ζ reappears linearly at
higher orders, which not only implies the odd dimensionality
of the phase space but also the strong coupling problem [13].
This pathological behavior is avoided in our general construc-
tion, as long as the coefficients in (16) are generally functions
of N . This fact is also consistent with the argument on the
constraint analysis.
Due to the presence of W(1)S , generally, the scalar mode
acquires a nonrelativistic dispersion relation as in the ghost
condensate [10]. From (21), the absence of ghost instability
requires GS > 0 while W(0)S +W(1)S k2/a2 may be negative
during some time period. RequiringW(1)S = 0 and thus C1 =
C2 = 0 yields 3 constraints among 10 parameters:
2a1 + a2 = b1 + b2 = 9c1 + 5c2 + 3c3 = 0. (26)
For Horndeski theory and the extension in [16], all three
constraints are satisfied and thus there are no higher spatial
derivatives. The first constraint in (26) fixes terms linear in
Kab to be GabKab with Gab the Einstein tensor, the sec-
ond one fixes terms quadratic in Kab to be the Galileon-type
∼ (K2 −KabKab). However, the last constraint in (26) im-
plies for terms cubic in Kab, besides the Galileon-type combi-
nation ∼ (K3 − 3KKabKab + 2KabKbcKca), there is another
combination
∼ c(φ,N) (3KKabKab − 5KabKbcKca) , (27)
which also yields second order equations of motion for linear
perturbations. The existence of (27) is because higher order
polynomials in Kab are degenerate for linear perturbations. In
fact, expanding K3 at the quadratic order in δKij ≡ Kij −
Hδij yields Ha6
[
(9c1 + 2c2) (δK)
2
+3 (c2 + c3) δKijδKij
]
,
while according to the EFT of inflation [9], the cancellation of
higher spatial derivative requires 9c1 + 2c2 = −3 (c2 + c3),
which is just the last constraint in (26). To summarize, within
the “minimal version” with coefficients (16), we arrive at a “7-
parameter” family of Lagrangians beyond the “6-parameter”
one in [16], which yields second order equations of motion
for linear perturbations. Of course, higher spatial derivatives
will reappear on nonlinear orders, since the unique theory
which has second order equations of motion to all orders is the
Horndeski theory. When going beyond this minimal version
and switching on operators such as aaaa, higher order spatial
derivatives will also appear for both tensor and scalar modes
[19]. Finally, (21) implies ζ is conserved on large scales when
W(0)S + W(1)S k2/a2 6= 0. Following the same approach in
[20], one can show that ζ is conserved at fully nonlinear or-
ders, even for the general construction (1)-(2).
VI. CONCLUSION
We investigated a general framework for scalar-tensor the-
ories (1)-(2), which can be viewed as dynamical spacelike hy-
persurfaces coupled to a general background. Different mod-
els in the literature, including the Horndeski theory, EFT of
inflation, Horˇava gravity, etc., now get unified as special cases
of our general formalism.
Our framework generalizes the Horndeski theory by intro-
ducing higher order derivatives in a special manner. There
exists a particular choice of coordinates adapted to the folia-
tion, where higher order spatial derivatives are allowed while
the temporal derivatives are kept up to the second order in the
equations of motion, thus the Cauchy problem with the cor-
rect number of initial data is manifest. In a general frame,
higher order spatial derivatives are transferred into higher or-
der time derivatives, thus apparently additional degrees of
5freedom arise, which however, can be shown to be unphys-
ical [13]. This is also reminiscent of the ghost free massive
gravity [21], where helicity modes apparently possess higher
order equations of motion when going beyond the decoupling
limit. As a by-product of our general construction, similar to
the investigation in [15, 16], we identify a new combination
(27) which does not belong to the Horndeski theory, but still
yields second order equations of motion for linear perturba-
tions. Our formalism also generalizes the EFT of inflation ap-
proach. Especially, we directly work with fully nonlinear op-
erators instead of treating background/perturbation separately,
which enables us to investigate nonperturbative solutions such
as black holes.
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